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kinetic motion of the ions is 0.0185 joules/cm2 per shot; an
additional 0.0015 joules/cm2 per shot is present in ionization
energy. The combined energy density is 0.020 joules/cm2

per shot compared with the total energy density of 0.026
joules/cm2 per shot given by the calorimeter. Although the
two results are within experimental error, the higher figure
given by the calorimeter could be attributed to fast neutrals.

Conclusions
The agreement between the energy density inferred from

the ion probe results and the energy density measured with a
calorimeter shows that the ion probe can give quantitative in-
formation in a tenuous nitrogen plasma having a directed
energy of a few hundred electron volts. The simplicity and
compact size of the ion probe, with or without an analyzing
grid, makes it ideal for probing the exhaust plasmas from
pulsed plasma guns.
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Dynamic Response of an Encased
Elastic Cylinder with Ablating Inner

Surface

J. D. ACHENBACH*
Northwestern University, Evanston, III.

Introduction

THE loss of mass and stiffness affects the dynamic response
of a structure. Previous work in this area1 is related to

re-entry problems, where the stiffness of the thin covering
layer of ablative material is neglected, and only the influence
of the mass loss is taken into account. In studying the dy-
namic response of a burning cylindrical-grain in a solid-pro-
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pellant rocket, the influence of the stiffness of the solid-propel-
lant material cannot be ignored. The present note is a study
of the forced vibrations of an encased elastic cylinder with an
ablating inner surface.

A time-dependent internal pressure is applied at the inner
surface of the cylinder. If the cylinder were of a compressible
elastic material the problem would concern cylindrical waves
that emanate from the moving inner surface and interact with
the surrounding shell. Since the ablation rate is very small
as compared to the dilatational wave velocity, a vibrationary
type of response would set in after a short time. In this note
the cylinder material is assumed to be incompressible. As a
consequence, the wave velocity of dilatational waves is in-
finite, and a forced vibration is immediately started without
initial wave effects. It may be mentioned that solid-propel-
lant materials show very high bulk moduli and are usually
considered incompressible.

Special attention has been devoted to the circumferential
stress at the ablating inner surface. The analysis is valid for
arbitrary ablation rates.

Statement of the Problem
A long elastic cylinder is considered with a circular port of

monotonically increasing radius a(t) and a constant outer
radius b at which the cylinder is bonded to a thin elastic shell.
Both the cylinder and the surrounding shell are maintained in
a state of plane strain.

If the cylinder is under the action of an internal pressure
the equation of motion is expressed as

+ (ov - 0-0)/r = (D

In Eq. (1) r and 6 are the polar coordinates, and u is the dis-
placement in the radial direction. The subscript p denotes a
material constant of the cylinder.

For an incompressible elastic cylinder the radial displace-
ment is of the form

u = k(t)/r (2)
where k(£) is a function of t only.

Let Sij and e#, respectively, denote the components of de-
viatoric stress and strain. The stress-strain relation for the
incompressible elastic material can then be expressed in the
form

From Eq. (3) we derive
<rr- *e = 2/z(er - ee) = -

The radial stress is prescribed at r = a(t) as
r — a(i): o> = — Vi(t}

(3)

(4)

(5)

The radial stress at r = b is derived from the equation of
motion of an element of the thin surrounding shell. With the
requirements that the radial stress and the circumferential
strain are continuous at the cylinder shell interface, we obtain

[ovU = - (h/V) (E'/b*) k(t) - ps (h/b)l(t) (6)
In Eq. (6), E' = Es/(l - i>s

2), and vs is Poisson's ratio. A
subscript s denotes a material constant of the shell (case).
The thickness of the case is denoted by h.

The expressions for u and o> — <re, respectively Eqs. (2)
and (4), are now substituted into Eq. (1), and the result-
ing equation for ov is subsequently integrated with respect to
r. Taking into account that the radial stress is prescribed at
the ablating inner surface Eq. (5) and at r = b Eq. (6) , we ob-
tain the following differential equation for k(t) :
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The solution of Eq. (7) is subject to the initial conditions

k(t) = k(t) = 0 for t < 0 (8)

For convenience a number of dimensionless quantities are
introduced. We define

r = t/tf a(r) = K(T) = (9)

In Eq. (9) £/ is the total burning time. The ablation function
a(r) runs from a(G) = 1 to a(l) = b/ao.

The governing equation (7) can then be rewritten as

in which

X(T) =

K(r)

(h/b) -
(p,/p.)ln[(&/0o)/a(r)]

vv" (h/b) + (p,/p.)ln[(6/ao)/a(r)]

and f is a dimensionless burning time defined as

r = tf(E'/P.y»/b

(10)

(ii)

(12)

(13)
Inspection of Eqs. (11) and (12) reveals that the param-
eters in the present problem are the structural parameters
(h/b) and (6/00), the material parameters (pp/p8) and (p/E'),
the ablation function a(r), and the burning time f.

Method of Solution

From Eq. (13) it is noticed that f is a large real parameter.
Ordinary differential equations of the type Eq. (10) with <p a
large parameter can be solved by Horn's method.2 The solu-
tion that is obtained by Horn's method is in the form of a
series in descending powers of f , which are asymptotic to
exact solutions of the differential equation uniformly in a
region of r. Since f is very large, we neglect all terms of
orders lower than and equal to (1/f). Using Horn's method2

the two independent complementary solutions of Eq. (10)
are found as

Ki(r) = X(r)-1/4 exp [if

exp -

+ 0 (14)

0 (15)

It is easy to check that the Wronskian of the solutions KI(T)
and KZ(T) equals 2if . Using a well-known theorem the solu-
tion of the inhomogeneou's Eq. (10), subject to the initial
conditions Eq. (8), can then be written as

K(r) = (16)

After substitution of K\(T) and KZ(T) into Eq. (16) the result-
ing expression for K(r) is simplified by introduction of the new
variable

(17)

We obtain

K(r) = £

in which

j [exp(if X

(18)

(19)

(20)

An advantageous feature of the integration over v in Eq.
(18) is that the exponential exp[— i£v] contains the very large
real parameter f. Integrals containing such an exponential
are suited for evaluation by the method of stationary phase.2
The method of stationary phase entails that the real integral
is replaced by a contour integral along the lines v = —iw and
v = Vi — iw, where w runs from 0 to ». Since f is a large
real parameter the exponential exp (—fw) dies out very
rapidly and the main contributions to the integral come from
near v = 0 and v = v\. We find

K(r) = f~2x(T)"~V( /r) ~~ r~2x(0)~3/V(0)x(T)~1/4 X

°\ (21)

It is noticed that the first term of Eq. (21) is the quasi-
static solution for K(r). The second term gives the dynamic
deviations from the quasi-static solution. The frequency of
the vibrations is increasing with time since x(s) is a positive
function. In the present analysis we assume that o-»(0+) ^ 0,
i.e., the internal pressure is applied as a step function. Higher-
order terms of (1/f) have to be taken into account if the in-
ternal pressure increases gradually.

Of special interest is the circumferential stress at the ablat-
ing inner surface r = a(r). With Eq. (4) and the condition
on the radial stress at r = a(r), the circumferential stress can
be expressed as

00[a(T), T] = —cn(r) + 4/z(6/ao)2a(r)~2X(r) (22)

From the designer's point of view the maximum and the mini-
mum values of the circumferential stress are of particular im-
portance. These stress envelopes are found as

(23)

in which

0-flWstatic = -o-,(r)+4/z(6/ao)2f-2a(r)-2x(r)-V(r) (24)

(T$*(T) = Ma-KO-H) [X(0)/x(T) ]1/4a(r) ~2 (25)

where

M = ±(b/a»W[(h/b)(E'/ti - 2 + 2(6/a0)2] (26)

The influence of the material and the structural parameters
on the dynamic response of the encased cylinder is clearly
shown by the solutions Eqs. (21-23). It is of note that

Fig. 1 Amplitude of the circumferential overstress at
the ablating inner surface for 03 (T) = <roH(j).
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the burning time tf does influence the periods of the
vibrations, but it does not affect the amplitudes.

As a conclusion the influence of (Ef/n) and ot(r) on the
amplitudes of the dynamic part of the circumferential stress
is shown in Fig. 1. Two ablation functions are considered

a(r) = (1 - xr)-112 where x = 1 -. (a0/6)2 (27)

and the linear function

a(T) = 1 + XT where X = (6/00) - 1 (28)

In both cases (E'/u) has values 104,.108, and 102. The other
parameters are chosen as

b/a0 = 3

and

h/b = 1/200

cri(r) =
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A Model for Low-Pressure Extinction
of Solid Rocket Motors
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Nomenclature

Rocket-chamber parameters
Ab = propellant burning area
A t = nozzle-throat area
CD = nozzle-discharge coefficient
PC = chamber pressure
Pcr = critical chamber pressure for onset of "low-frequency"

instability
P« = extinction chamber pressure
Vc = chamber volume
L* = Vc/At

cPn

Propellant parameters
r = propellant burning rate
n = steady-state burning rate pressure exponent, r
pp = propellant density
PDL = low-pressure stable deflagration limit
M = average molecular weight of gaseous combustion prod-

ucts
Tf = adiabatic flame temperature of propellant
Tg = a temperature parameter that is approximated by the

adiabatic flame temperature of the ammonium per-
chlorate monopropellant flame

kg = rate constant for the ammonium perchlorate mono-
propellant flame reactions, kg = Ag exp(—Eg/RTg)

Miscellaneous parameters
g = gravitation constant
R = gas constant
t = time
T = critical time constant
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Introduction

ATOERSON, Strehlow, and Strand1 have shown that
vacuum firings of solid-propellant rocket motors using

regressive burning grains exhibit a low-pressure burning
limit that is generally higher than the low-pressure stable
deflagration limit of the propellant as determined in a Craw-
ford bomb strand burner. Their studies with ammonium
perchlorate composite propellant with varying aluminum
content suggest that the extinction pressure (Pe), although
independent of burning geometry, is strongly dependent upon
Al content and motor L* (ratio of chamber volume to nozzle-
throat area). Their data could be curve-fitted by an ex-
pression of the form

L* = A(Pe)~a (1)
where the constants A and a varied with Al content.

For nonaluminized propellant, the value of the exponent
a was approximately twice the value of the steady-state
burning pressure exponent (n) at the pressure Pe. In this
case, Eq. (1) becomes almost identical to theoretical ex-
pressions derived by Akiba and Tanno,2 Sehgal and Strand,3
and Cohen4 for describing the critical pressure (Pcr) for onset
of "low-frequency" combustion instability, i.e.,

L* = A'(PCI)-2» (2)
The theoretical derivations considered the instability as

arising from a coupling between the lag of burning-rate re-
sponse due to the propellant thermal gradient and the lag
in exhausting the chamber due to nozzle flow.

The strong resemblance between the theoretical and empiri-
cal expressions suggested to these authors1' 3» 4 that the critical
pressure for onset of unstable burning (i.e., Pcr) should cor-
respond to the observed extinction pressure (i.e., Pe). How-
ever, there are two serious discrepancies that arise from this
approach: 1) the value of a for the case of aluminized
propellants (8-16%) is much greater than 2n, and 2) the
extinction pressure is zero for an infinite L*. Since in a
Crawford bomb, L* can be construed as approaching infinity,
it might be expected that Pe should have a limiting value
approaching the low-pressure stable deflagration limit.
Although it has been argued1' 3' 4 that aluminum or its solid
combustion product might in some way affect the propellant
thermal response or the nozzle-exhaust time, no adequate
quantitative explanation of these discrepancies has been
offered.

It is the purpose of this note to offer a possible explanation
in terms of a new model for the extinction process. This
new approach suggests that Eq. (2) defines criteria for pos-
sible temporary extinguishment rather than permanent ex-
tinguishment, and, as such, Pcr should not be identified with
Pe of Eq. (1). In addition, the model enables the derivation
of a theoretical Pe vs L* relationship that differs considerably
from the form of Eq. (1).

Model of Rocket Extinction

It is first assumed that solid composite propellants exhibit
a low-pressure stable deflagration limit (PDL) that is inde-
pendent of their extinction under conditions of rocket motor
venting. Such phenomena have apparently been noted in
strand burners (Crawford bomb) where, below a minimum
inert gas bomb pressure, strand burning cannot persist.
Low-pressure deflagration limits have been reported as high
as 400 psia for some ammonium nitrate propellants5 and as
low as 6 psia for some ammonium perchlorate (AP) propel-
lants. Even ammonium perchlorate monopropellant strands
exhibit a PZ»L.G

A detailed discussion of the causes for a PDL in solid com-
posite propellants is outside the scope of the present paper;
however it can be noted that Friedman6 and Nachbar7 at-
tempted to explain the PDL of AP strands in terms of radi-
ation heat loss from the burning surface. Also, it would


